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1. Applicability of Single Parameter Models 

Conditions under which simplified, single parameter models may be used to predict break- 
through curves in linear, packed bed adsorbers and thermal regenerators are examined with 
reference, in particular, to earlier conditions proposed by Handley and Heggs and by Babcock 
and co-workers. I t  is  found that for high values of heat capacity ratio the Schumann model pro- 
vides a satisfactory description of packed bed dynamics where fluids axial dispersion and 
solids conduction effects are lumped into a single parameter the curve spread parameter u*. 
For low values of heat capocity ratio, the equivalent conductivity model of Babcock and co-workers 
should provide a more accurate description. The value of the Biot number Bi was found to 
provide the sole criterion for estimating the relative importance of the internal solids con- 
duction. Empirical correlations are presented which allow rapid estimates of breakthrough 
curves to be mode from the curve spread parameter and which facilitate analysis of experi- 
mental data from breakthrough curve experiments. 

The prediction of breakthrough curves in linear, packed- 
bed adsorbers and thermal regenerators has been the sub- 
ject of many theoretical and experimental investigations 
since Schumann’s work (19) in 1929. This interest arises 
fundamentally because of the economic importance of 
fixed bed-fluid transfer processes and because of the re- 
sultant need to rapidly and accurately design related 
equipment. 

Design procedures for well insulated thermal regenera- 
tors or adsorbers in which particle internal conductivities 
may be regarded as infinite have been well developed and 
were summarized by McAdams (21 ) . Such procedures 
depend on the Schumann model which makes the assump- 
tion amongst others that axial conduction or dispersion in 
the fluid phase is of negligible importance. The addition 
of a term for fluid phase axial dispersion (5 ,  7)  to the 
Schumann equation greatly complicates the mathematical 
solution of the equations and raises the question of whether 
it is necessary to devise a completely new set of design 
procedures. 

In this paper the conditions under which the Schumann 
solution may be extended to cover the cases of finite parti- 
cle conductivity and axial fluids dispersion are considered. 
It has also been necessary to examine critically the condi- 
tions proposed earlier by Handley and Heggs (9) and by 
Babcock and co-workers (2, 3 ) .  

It is shown that for most cases of practical importance 
the well-established design procedures referred to above 
may continue to be used, subject to the satisfaction of a 
number of simple criteria. At the same time, one of the 
objects of this paper is to make the task of the design 
engineer easier by presenting empirical correlations of 
points on a breakthrough curve against nondimensional 
groups commonly used in chemical engineering. The use 
of these groups simplifies the tasks of design and analysis 
and facilitates translation of the results from heat to mass 
transfer. 

The application of complex mathematical “models” to 
the determination of physical parameters of interest in the 
design of fixed bed processes requires an examination of 
the assumptions behind such models of fixed bed processes. 
A secondary objective of this paper is thus to suggest one 
method by which such models may be compared. Besides 
allowing evaluation of the importance of subtle effects 
such as boundary conditions, it should be possible to deter- 
mine whether certain parameters can in fact be measured 
to acceptable accuracy from dynamic experiments. 

ROSEN AND S C H U M A N N  MODELS OF PACKED 
BED D Y N A M I C S  

The mathematical description or model of packed bed 
dynamics proposed by Rosen (17) has been widely ap- 
plied to both thermal and mass transfer adsorbers. I t  is an 
extension of the Schumann model intended to allow for the 
effects of finite internal particle diffusivity. Separate equa- 
tions are written for fluid and solid phases. In the present 
notation, the fluid phase equation becomes 

where T ( z ,  t )  is the fluid temperature, assumed uniform 
across a given bed cross section at normalized distance z 
and normalized time t, and T ,  ( z ,  t )  is the average packing 
surface temperature which is equal in the Schumann model 
to the spatially uniform particle temperature. In Equation 
( I ) ,  distance and time have been normalized with respect 
to the length L of the bed and the mean fluid residence 
time L/u,,  respectively, where 0, is the mean interstitial 
fluid velocity through the bed. 

The nondimensional transfer parameter Y, which links 
fluid and solid phases may be expressed in terms of the 
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Stanton number St, the bed length N i n  particle diameters 
and the mean volumetric porosity E ,  of the packing 

( 2 )  Y = 6N St ( 1  - E) 

where N = L/d,. 

Spherical or right cylindrical particles have been as- 
sumed and fluid phase axial dispersion is supposed to have 
negligible effect. 

A heat balance over the particles at distance x yields 

( 3 )  

where F, ( x ,  t )  is the volumetrically-averaged particle tem- 
perature which for the Schumann model is simply equal to 
2‘,(z, t ) .  In Equation (3) the parameter V H  is the heat 
capacity ratio or ratio of bulk volumetric packing (thermal) 
capacitance to that of the fluid in the voids: 

(4) 

This parameter, which may be regarded as analogous to 
the slope of the adsorption isotherm in mass transfer work, 
will be shown to be an important parameter in deciding 
the applicability of various models. 

To complete the description in the case of the Rosen 
model, equations describing internal particle thermal dif- 
fusion are written, assuming uniform surface temperature. 
They yield with Equation ( 3 )  the relation between fluid 
temperature and surface temperature. The ratio 

(that is, the ratio of the Laplace transforms of surface 
temperature to fluid temperature for zero initial condi- 
tions) is defined as the fluid-particle transfer function and 
may be simply related ( 1 4 )  to the admittance functions 
of Rosen. Hotta (22) and others ( 1 1 )  have derived trans- 
fer functions for various regular packing shapes. 

The fundamental parameter in these particle transfer 
functions is the Biot number Bi, which for heat transfer 
may be expressed in terms of the superficial particle Reyn- 
olds number Re,, Prandtl number Pr, and the fluid and 
solid thermal conductivities kf and k,: 

When the Biot number approaches zero, particle tem- 
peratures may be regarded as uniform and the Rosen 
model becomes identical to that of Schumann for which 
model many solutions are available. 

Analogous nondimensional quantities may be defined 
for mass transfer. 

EFFECTS OF INTERNAL PARTICLE CONDUCTIVITY 

An alternative parameter known as the bed length 
parameter, yx has been used by Rosen and Babcock et al. 
(2, 3) as a measure of the relative importance of internal 
particle conduction. This parameter, also known as the 
“effective bed length,” is simply the ratio of the transfer 
parameter Y to the particle Biot number 

Handley and Heggs (9) have suggested that internal 
particle conduction effects may be ignored when the value 
of the bed length parameter is greater than 60. In this case 
according to their numerical computations, the Schumann 
solution becomes applicable to high accuracy. On the 
other hand, Uradshaw et al. ( 4 )  have suggested that solids 
clifffusion be allowed for by defining, in Handley and Heggs’ 
terminology ( 8 ) ,  a pseudo Stanton number and hence heat 
transfer parameter Y,, which could be used in the Schu- 
miinn model 

1 1 + Bi/5 
(7)  - - _  

YP Y 

This suggestion may be shown to be more nearly correct. 
Thus, equations have been derived by various workers for 
the first three cumulants, K~ of the chromatographic or im- 
pulse response g ( t )  of a packed bed for the more general 
case which includes axial fluid phase dispersion (11, 15, 
18, 20 ) .  The first cumulant K~ is the first absolute moment 
p’l or stoichiometric time for a breakthrough curve. I t  is in- 
dependent of transfer parameters on the time scale of 
Equations (1) and ( 3 )  

111’ = 1 + V€I 

or in real time units: 

L L 

VlI .on 
p ( t )  = p 1 ’ * - =  ( l + V J Z ) -  

- Mscs + Mfcf - w * Cf 

where p ( t )  is the stoichiometric time in minutes, Ms is 
the total mass of packing, Mf is the total mass of interstitial 
fluid and W is the weight flow rate of fluid in (say) pounds 
per minute. 

(The reader is reminded that the breakthrough curve is 
defined by a plot of the integral of the impulse response 
against time.) The dispersion or spread of either curve 
about the stoichiometric time may be defined intuitively 
in terms of the standard deviation u of the impulse re- 
sponse. The square of this, the variance, second central 
moment, or second cumulant K Z  becomes for negligible 
axial fluids dispersion 

from ( 7 ) ,  

or, normalizing time with respect to the first moment: 

where p is the ratio of the solid packing thermal capaci- 
tance to that of the packing plus fluid. 

According to Equation (8), the fractional increase in curve 
spread as measured by u* depends only on the value of 
the Biot number, so that the “effective bed length” YX is 
o d y  a secondary parameter. In other words, the ratio of 
the curve spreads uQ for two experiments having the same 
value of transfer parameter Y but differing Biot numbers, 
Bi, and Biz is given (approximately) by d(1 4- B i d s )  1 -~ $1 1 + Bil/5) .- 

The fact that for the examples chosen by Handley and 
Heggs, the criterion yx > 60 resulted in good agreement 
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between the Schumann and Rosen models may now be 
seen to be largely fortuitous, that is, the values of the k’ 
chosen were such as to make the Biot number small when 
ys > 60. 

For example, consider a packed bed of “Perspex” or 
methyl methacrylate spheres through which air (Pr = 
0.74) is flowing with a superficial particle Reynolds num- 
ber Re, of 1,000. Then according to the Denton correla- 
tion (6 ) ,  a Stanton number of about 0.09 would be pre- 
dicted. The ratio k J k f  of Perspex to air thermal conductiv- 
ities is about 8.08 so that a particle Biot number may be 
estimated 

Bi = S t  * Re, * Pr [ 4-1 = 4.1 

Hence the spread u’ of breakthrough curves about the 
center of mass will, according to the above analysis, be 
greater thaii that of a highly conductive material in the 
ratio v‘( 1 -t 4.1/5) = 1.35, or Perspex breakthrough 
curves will be 3 5 9  more spread out than (say) lead or 
copper breakthrough curves under the same flow condi- 
tions. For the above example, yx would for a porosity of 
-loc; be given by Equation ( 6 )  

yx = 7.86 X x M 
I n  order to satisfy Handley and Heggs’ criterion we would 
require the bed length N to be about 760 diameters. In 
this case, the Handley and Heggs’ criterion would’ predict 
particle conduction effects to be absent, while the present 
theory shows that breakthrough curves would still be 353’; 
more spread out. 

The experimental evidence available for the applicability 
of Equation ( 7 )  to packed bed studies will be considered 
in  the companion paper to this paper (23) .  

THE EQUIVALENT CONDUCTIVITY MODEL 

The sinsle parameter model derived by Babcock and co- 
Ivorkers ( 2 ,  3) treats the two phase medium as a single 
phase one, described by an effective axial Peclet number 
€‘en, where for the temperature T ( z ,  t )  of the fluid and 
solid phases 

The value of l/Pca is computed from the sum of dis- 
persive contributions due to (static) axial fluid-solid-fluid 
conduction, fluid phase axial dispersion, fluid-solid heat 
transfer resistance, and internal particle thermal resistivity. 

Assuming for the present that the first two contributors 
to breakthrough curve dispersion are negligible, the Bab- 
cock formu1;i for Pea becomes 

The similarity between Equations (8) and (11) arises be- 
cause for simplified boundary conditions ( 5 )  

K2‘ = u’2 = 2/Pea 

so that the variances of the equivalent conductivity and 
Rosen models are identical. The use of the single parame- 
ter Pea to describe the complex processes which occur in 
a packed bed is thus similar to the use of u* or Y ,  as a 
parameter in the’ Schumann model. Since the predictions of 
these two simplified models may be shown to differ despite 
identical curve spreads the source of the difference will 
now be examined. 

TABLE 1. RATIO OF SKEWNESS COEFFICIENTS y1 PREDICTED BY 
ROSES ~ I O D E L  TO THAT PREDICTED BY SCHUMAXN MODEL 

WITH PSEUDO HEAT TRANSFER FACTOR Y, 

Biot 
nrimber 0 .3 1 2 4 8 16 

Ratio 1.000 1.003 1.012 1.035 1.085 1.160 1.249 

T.AHLE 2. TYPICAL HEAT CAPACITY RATIOS VH AT 70°F. 
Bed porosity assumed: 0.40 

Heat capacity ratio, V H  
Presbure, for packings indicated below 

1b.1 soda 
Fluid sq.in.gauge glass Perspex Lead Steel 

\\‘ater - 0.76 0.62 0.34 1.28 
Air 0 6100 5000 4300 10300 

30 1410 1150 1000 2400 
100 800 650 560 1340 
200 420 350 300 720 

BREAKTHROUGH CURVE SHAPE CRITERION 

A useful criterion of impulse response or breakthrough 
curve shape as distinct from curve spread is the third 
central moment 9 equal to third cumulant K 3 .  Normalizing 
time as before relative to the first moment we have, for 
the Rosen model (14)  

6$ 
Y2 35 

2Bi2 + 14Bi + 35 
(12) K 3 *  = T O 3  - - a  - 

while the corresponding equation for the Schumann model 
is obtained by setting Bi = 0 in Equation ( 12).  If we sub- 
stitute the pseudo transfer parameter for Y in the Schu- 
mann equation we obtain 

I K3’ = ( 6 / Y ’ )  ’ /? . (1 + Bi/5)’ 

(13) 1 - 6$ Biz + lOBi + 25 
- - *  

Y2 25 

6p3 
Y2 35 I 

which differs from Equation (12) in one term only. 
The ratio of the value of K ~ O  predicted by Equation 

(12) to that predicted by Equation (13) is equal to the 
ratio of the predicted statistical “coeficients of skewness” 
and is again dependent only on the Biot number. A few 
values are tabulated in Table 1. 

The coefficient of skewness is a measure of the asym- 
metry of a probability density function equivalent in this 
case to the impulse response g ( t )  of a packed bed. 

The same criterion may now be applied to the equivalent 
conductivity model. In (12) all the cumulants of this 
model were derived. For the third .cumulant we have nor- 
malizing the time scale as before and using Equation (11) 

1.4Bi2 + 14Bi + 35 - - - *  

Comparing with Equations (13) for the Schumann 
model we see that the source of the difference lies in the 
second packing capacity ratio P or from (9)  in the capac- 
ity ratio VH. 

When the capacity ratios VH are allowed to become 
very large (VH + m,  ,8 + 1)  agreement between coeffi- 
cients of skewness will be poor even although curve spreads 
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or variances are identical. When V H  is set equal to unity 
(16 = 1/2) skewnesses will be identical. 

In the experiments of Babcock and co-workers the fluids 
used were aqueous whereas other heat transfer workers 
( 4 ,  6, 8, 16, 19) used gases, usually air. Heat capacity 
ratios differ widely between the two types of experiments 
a s  shown in Table 2.  

The excellent agreement obtained by Babcock and co- 
workers between theory and experiment may thus be seen 
to be due to the low values of V f f  occurring in their ex- 
periments. Similarly good agreement was obtained in tlie 
experiments of Handley and Heggs and in experimental 
work by the writer ( 1 4 ) ,  using air. 

Since p 2~ 1 even for pressures of 200 Ib./sq.in.gauge, it 
is not surprising that no heat capacity ratio effect has yet 
been observed in heat transfer experiments using air. 

The use of aqueous fluids accentuates the effects of axial 
fluids dispersion and a study of this effect seems to have 
been of primary interest in Babcock’s experiments. It does 
seem however that the equivalent conductivity model is 
unlikely to be of great practical value as an approximate, 
simplified model of packed bed dynamics where the pack- 
ing has a large adsorptive capacity. 

It should be pointed out nonetheless that irrespective 
of the ratios of the skewnesses, the absolute value of tlie 
coefficient of skewness: 

y1 K 3 Q / K 2 * 3 / 2  = 4*3/o*3 

becomes very small for all models as Bi + 0 and, more 
importantly as Y becomes large. For fixed flowrate yl varies 
inversely as the square root of the bed length. Hence for 
y1 small it does not very much matter which of the three 
models we choose since they will all tend to become Gaus- 
sian and perfectly symmetrical. 

PREDICTED EFFECTS OF AXIAL FLUIDS DISPERSION 

The addition of the term + 1/Pe’ * d2T/dz2 to the left- 
hand side of Equation (1) is intended to allow for the 
effects of axial dispersion in the fluid phase where Pe’ 
is the bed-length normalized Peclet number 

De is a dispersion coefficient which accounts for the ex- 
perimentally observable fact that when an impulsive or 
chromatographic change in concentration is applied to the 
fluid flowing through a bed of nonadsorptive or inert pack- 
ing, axial spreading of the pulse occurs (5, 7) .  In heat 
transfer work, the phenomenum cannot be observed inde- 
pendently of fluid-solid transfer processes. Hence, its pre- 
cise nature cannot be determined. 

The Rosen model extended for axial dispersion will 
henceforth be called the two phase continuous model to 
distinguish it from both the single phase, equivalent con- 
ductivity and the two phase finite stage models. 

Allowing for axial fluids dispersion, Equation (8) be- 
comes (5,12) 

2 2/32 
Kz* = ( y Q z  = - + - (1 + B V 5 )  (15) N Pe Y 

An identical result has been obtained from the finite 
stage model ( 1 1 )  of packed bed dynamics when Pe = 2 
and also by Babcock and co-workers from the equivalent 
conductivity model because 

It would be useful to lump the effects of axial dispersion 
into an apparent heat transfer parameter Ycnlc so that the 
Schumann solution could also be used for the axial disper- 
sion case. Curve spreads for all models may be made identi- 
cal if Ycalc is defined suitably for Schumann model so that 
Equation (17) and Equation (15) are made identical 

(17) K2* = u * 2  = -. ’” (1 + B i C a d 5 )  
Ycalc 

where 

and 
Eica~c/Yca~c = BUY 

Since curve spreads are now identical for all models we 
will again compare curve shapes. For simplicity in the 
equations, set Uiot numbers all equal to zero. For the 
Schumann model, substitution of Ycalc from Equation ( 18) 
instead of Y in Equation (13) yields for Bi = 0: 

(19) 

For the two phase continuous model ( 1 2 )  with Bi = 0: 

2 2/32 + - + -1 (20) K3Q ~ - -‘[= N P e * Y  Y2 

which for large capacity ratio ( V H  -+ co, p -+ 1) agrees 
with (19)  except for the first term. Hence, good agree- 
ment may be expected, except for low Reynolds numbers 
(Re,  < 10) when Pe becomes small ( 8 )  and Stanton num- 
ber large [since the Nusselt number should approach a 
constant value ( I S ) ] .  

Agreement is better in the case of the finite stage model. 
The normalized third cumulant then becomes ( 1 2 )  

1.33 +- 
Which for large capacity ratio ( p  + 1) differs only 

slightly from (19) .  In obtaining Equation (21) the effec- 
tive number of mixing stages, M has been set equal to 
NPe/2 corresponding to conditions of relatively high 
Reynolds number (7)  at least in the absence of interphase 
transfer. 

MORE DETAILED MODEL COMPARISONS 

A more detailed comparison of the breakthrough curve 
predictions of various models may be obtained by compar- 
ing the curves themselves, point by point. Such compari- 
sons may be misleading since computational errors may 
exceed the differences between models. 

An alternative criterion to point by point comparisons 
is to use the integral deviation square (or alternatively 
“root mean square”) or difference between models. The 
use of Rayleigh‘s theorem as pointed out by Hays, Clem- 
ents, and Harris (10) allows the root mean square devia- 
tion between models to be computed from the differences 
between the frequency response transfer functions of the 
models without obtaining actual time responses first. 

A useful feature of model comparisons by this method 
is that complex models, the moments of which are difficult 
to derive, may be compared provided the frequency re- 
sponse transfer functions are available. The effects of subtle 
differences introduced by boundary conditions may also 
be evaluated. 
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In the model comparisons discussed below, the objective 
was to determine the range of parameters for which either 
the Schumann model or the equivalent conductivity model 
is predicted to yield a good representation of the presum- 
ably more complete “two phase continuous” or “two phase 
finite stage” models. An outline of the mathematical basis 
of the method and the transfer functions used are sum- 
marized in the present notation in Appendix 1.’ In  the 
comparisons reported, the time scale has been normalized 
relative to the first moment of the impulse response and 
the chromatographic or impulse responses have been com- 
pared instead of the breakthrough curves since these are 
more sensitive. 

RESULTS OF INTEGRAL DEVIATION SQUARE 
COMPARISONS 

Computations were carried out for four values of the nor- 
malized variance uo2, 0.05, 0.125, 0.25 and 0.50 con-e- 
sponding to breakthrough curves ranging from sharp to 
diffuse. As a guide to the physical conditions which may 
correspond to this range of values, predicted normalized 

Appendix 1 has heen deposited as Document No. 01719 with the 
Yational Auxiliary Publications Service (NAPS), c/o CCM Information 
Corp., 866 Third Ave., New York 10022 and may be obtained for 
$4.00 for microfiche or $11.60 for photocopies. 

TABLE 3. APPROXIMATE VALUES OF NORMALIZED VARIANCE 
u’2 FOR HEAT TRANSFER IN PACKED BEDS, 

va 104, = 0.40, ~i = o 

Variance u’2 at Bed Lengths Indicated 
Approx. N =  N =  N =  N =  

tic1, S t  Nu42 25 50 100 250 

100 0.181 4.072 0.163 0.081 0.041 0.016 
200 0.147 3.782 0.151 0.076 0.038 0.015 
400 0,119 4.656 0,186 0.093 0.047 0.019 

1000 0.091 6.128 0.245 0.122 0.061 0.024 
2000 0.074 7.545 0.302 0.151 0.075 0.030 
4000 0.060 9.290 0.372 0.186 0.093 0.037 

10000 0.045 12.229 0.489 0.244 0.122 0.049 

variances are given in Table 3 for heat transfer work as- 
suming a Stanton number-Reynolds number correlation of 

S t  = 0.72/Re,0.30 

corresponding to the Denton correlation (6) extrapolated 
back below its valid lower limit of Re, = 500. The axial 
dispersion Peclet number assumed was 2, with a bed poros- 
ity of 0.40. In the tabulation, highly conductive particles 
have been assumed. For less highly conductive particles an 
additional term 

TABLE 4. TYPICAL RESULTS OF SOME MODEL COMPARISONS VIA INTEGRAL DEVIATION SQUARE COMPUTATIONS 
2 *  s,” [ e ( t ’ ) ] 2 d t *  = - 1 R,2 ( w* )dw’ where e (  t’ ) is deviation between model predicted impulse responses, normalized 
T 

relative to first moment and R , ( w ’ )  is real part of Fourier transform of difference. 

u*2 

0.5 

0.25 

0.125 

0.050 

0.25 

0.125 

0.050 

Model Parameters: 
(Peclet Number, Pe = 2)  

Pea N Bi Y 

1. Heat capacity ratio, VH = 104 
4.0 40 0.0 4.21 

0.2 4.38 
0.8 4.88 
2.0 5.89 

8.0 20 0.0 10.00 
0.4 10.80 
1.6 13.20 
3.2 16.40 

16 80 0.0 17.80 
1 .o 21.33 
2.0 24.88 
4.0 31.99 

40.0 80 0.0 53.3 
2.0 74.6 
4.0 96.0 
8.0 139.0 

16.0 224.0 

2. Heat capacity ratio, VH = 1 
8.0 20 0.0 2 :5 

0.2 2.6 
0.4 2.7 
0.8 2.9 
1.6 3.3 

16.0 40 0.0 5.0 
1 .o 6.0 
2.0 7.0 
4.0 9.0 

40 80 0.0 13.3 
2.0 18.6 
4.0 24.0 
8.0 34.6 

16.0 56.0 
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A 

8.601 
1.18 
1.13 
1.65 
6.01 
6.54 
1.33 
3.22 
2.29 
8.87 
3.51 
1.53 
4.90 
1.82 
5.20 
1.40 
2.89 

8.43 
8.43 
8.44 
8.46 
8.52 
4.59 
4.61 
4.65 
4.74 
5.32 
5.34 
5.38 
5.43 
5.50 

Integral Deviation Sauares 

Schumann 
Equivalent 

conductivitv 

E-07 

E-05 
E-06 

E-04 
E-04 
E-04 
E-03 
E-03 
E-06 
E-06 
E-05 
E-05 

E-05 
E-05 

E-06 

E-04 
E-04 

E-01 
E-01 
E-01 
E-01 
E-01 
E-01 
E-01 
E-01 

E-01 
E-01 

E-01 

E-01 
E-01 
E-01 

B 

1.53 E-07 
2.99 E-07 
8.13 E-06 
1.52 E-04 
7.56 E-05 
9.56 E-05 

1.72 E-03 

4.08 E-06 

4.44 E-04 

2.96 E-07 

2.47 E-05 
1.29 E-04 
4.27 E-06 
7.35 E-06 
1.32 E-05 
2.60 E-05 
4.54 E-05 

8.32 E-01 
8.32 E-01 

8.35 E-01 

4.56 E-01 

4.62 E-01 

5.30 E-01 
5.32 E-01 
5.36 E-01 
5.41 E-01 

8.33 E-01 

8.41 E-01 

4.58 E-01 

4.71 E-01 

5.48 E-01 

C 

1.16 E-01 
1.16 E-01 
1.14 E-01 
1.09 E-01 
3.72’ E-01 
3.71 E-01 
3.59 E-01 

2.38 E-01 
2.34 E-01 
2.25 E-01 

9.52 E-03 

3.39 E-01 

2.07 E-01 

9.13 E-03 
8.59 E-03 
7.77 E-03 
6.90 E-03 

6.67 E-03 
6.66 E-03 
6.61 E-03 
6.45 E-03 
5.91 E-0.3 
2.60 E-03 
2.40 E-03 
2.03 E-03 
1.45 E-03 
1.57 E-03 
1.27 E-03 
8.94 E-04 
4.52 E-04 
1.76 E-04 

March, 1972 

’ D  

1.16 8-01 
1.16 E-01 
1.15 E-01 
1.09 E-01 
3.91 E-01 
3.90 E-01 
3.78 E-01 
3.57 E-01 
2.41 E-01 
2.37 E-01 
2.28 E-01 
2.10 E-01 
1.04 E-02 
9.97 E-03 

8.55 E-03 
9.40 E-03 

7.63 E-03 

6.39 E-03 
6.37 E-03 
6.31 E-03 
6.12 E-03 
5.51 E-03 
2.88 E-03 
2.64 E-03 
2.22 E-03 
1.50 E-03 
1.91 E-03 
1.57 E-03 
1.14 E-03 
6.07 E-04 
2.34 E-04 
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2gZ Bi 2g2 - -.--- 
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may be added, where yx is computed from Equation (6) .  
Table 4 shows a number of computed integral deviation 

squares between: A. Schumann model and two-phase con- 
tinuous; B. Schumann model and two-phase finite stage; 
C. equivalent conductivity and two-phase continuous; and 
D. equivalent conductivity and two-phase finite stage mod- 
els for capacity ratios VH of lo4 and 1 and several arbi- 
trarily chosen bed lengths and a constant Peclet number of 
2. The comparison is not exhaustive but does illustrate the 
advantage of the method. 

As may be seen from Table 4, the Schumann approxima- 
tion is clearly superior to the equivalent conductivity model 
for the high value of VH while the situation is reversed 
for the low capacity ratio although the equivalent conduc- 
tivity approximation is still not so good. 

As intraparticle diffusion becomes dominant (the Biot 
number increases) the finite stage and continuous models 
become similar to each other while when the curve spread 
parameter is small (and hence also the skewness of the 
curves) the sensitivity of the plots to Biot number decreases. 

SIMPLIFIED METHOD OF BREAKTHROUGH CURVE 
PREDICTION 

In Figure 1 the standard deviation given by Equation 
(15) has been used as the single parameter correlating 
points on breakthrough curves for various parameter com- 
binations. 

The computations of Figure 1 were carried out by a 
further development of a Hermite polynomial method of 
Fourier transform inversion previously presented in (13). 

The further developments (which make the method a 
more practical one) involve automatic selection of the scale 
factor Z for the approximation and use of the general 
integral iormula for breakthrough curve prediction pre- 
sented in ( 1 2 ) .  Details of the procedure are given in Ap- 
pendix 2." Tables of the coefficients a, in the Hermite 
polynomial expansions are given in ( 1 4 ) .  Since the curves 
are relatively insensitive to VH for V H  large, all the com- 
putations have been carried out at a fixed value of V H  of 
1,000. 
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Fig. 1. Correlation of normalized time differences for breakthrough 
curves: Normalized time differences I T *  against normalized standard 

deviation u* and normalized time to 80 p.c. against u*. 

See footnote on page 413. 

TABLE 5. COEFFICIEXTS b, IN POLYNOMIALS OF EQUATION (22)  
V H  = 1000 

Schunann, Rosen and Finite Stage Models 

Error 
std. dev. 

Normal- in pre- 
izecl dicted 
time 170 bi bz b3 values 

T"0j 0.9985 -1.7105 0.0254 0.0532 0.00210 
T O 1 0  0.9980 -1.3020 0.2776 -0.0340 0.00192 
T O 2 0  0.9980 -0.8551 0.0132 -0.0430 0.00144 

T"RO 1.0046 0.7874 0.0430 -0.1222 0.01300 
1'"40 0.9999 -0.2504 -0.2488 0.0221 0.00071 

TABLE 6. COEFFICIENTS c,, IN POLYNOMIALS OF EQUATION (23)  
VH = 1000 

Schumann, Rosen and Finite Stage Models 
Error 
stand- 

ard 
dev. 

in pre- 
Normalized dicted 

time diff. co c1 C2 c3 values 

AT"os/ao 0.0030 0.3890 0.0005 0.0234 0.0090 
AT*IO/RO -0,0029 0.4862 0.0031 0.0232 0.0068 
I T * ~ o / R ~  -0.0034 0.6162 -0.0309 0.0263 0.0080 
1TQ40/S0 0.0024 0.9677 -0.2672 0.1548 0.0111 

The fitting of third degree polynomials through the 
breakthrough point allows the times T"o5, T"lo, T"20,  T"4o 
and TQaO to be estimated where the subscripts refer to the 
5 $ 2 ,  lo:&, 20%, etc. of completed response points on the 
curves. The general form is 

T" = bo + blu" + bp"' + b3u03 ( 2 2 )  
Further correlations of other times could be developed 
using the tabulated coefficients a, referred to above. 

Since for U" = 0, all times T" should be unity, the 
coefficients bo should all be unity. Slight deviations do 
occur as shown in Table 5. In obtaining the least squares 
polynomial fits of Equation ( 2 2 )  the Schumann and Rosen 
model computations of Handley and Heggs were included 
and all Hermite polynomial approximations having an in- 
tegral error-square greater than 2 x 10W6 were excluded. A 
knowledge of the integral error square is a useful feature 
of the Hermite polynomial approximation procedure. 

SIMPLIFIED METHOD OF EXPERIMENTAL DATA 
ANALYSIS 

The alternative problem of rapidly determining values 
of U" from an experimental breakthrough curve may also 
be simplified in a similar manner. Thus, least squares poly- 
nomials may be fitted to the time differences on either side 
of the stoichiometric breakthrough time. In this paper, the 
correlations are between the 80% point on a curve and the 
5, 10, 20, and 40% points (denoted  AT^^^/^^ etc.) al- 
though other empirical correlations such as AT*o5/95, 
~ T * 1 0 / 9 0 ,  etc. could also be developed. 

In its application to experimental work, the center of 
mass or stoichiometric breakthrough time p ( t )  is calcu- 
lated. Times are then normalized with respect to p ( t )  and 
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a number of estimates made of C’ from Equation (23) 
with coefficients given in Table 6 .  

u’ = co 4- C1 * AT’ + C2 ( A T ” ) 2  + C3 (AT”)3 (23) 
It may also be noted that since for zero curve spread 

parameter u* time differences AT” should be zero, the 
coefficients co in Table 6 should also be zero. 

CONCLUSIONS AND FURTHER WORK 

The analysis of this paper shows that internal particle 
conduction is predicted to have two effects, one on break- 
through curve dispersion or spread and the other on curve 
shape. The relative importance of internal particle conduc- 
tion is predicted in each case to depend only on the Biot 
number Bi (assuming a constant heat transfer parameter 
Y ) .  

The importance of heat capacity ratio V H  has been theo- 
retically demonstrated. I t  appears that for high values of 
V H  the Schumann model should provide a good description 
of packed bed dynamics, provided axial dispersion and 
intraparticle effects are lumped into an equivalent or 
pseudo heat transfer parameter Y, given by 

1 1 + Bi/5 
. B2 - 1 

Y ,  NPe + Y  
- _ -  

The equivalent conductivity model appears to be valid 
only for very low values of heat capacity ratio correspond- 
ing to a poorly “adsorptive” packing. Integral square of the 
deviation computations suggest that the model is not a 
particularly good approximation to the more complex 
models even at low V H  values. 

Use of empirical correlations of curve spread parameter 
against time differences in a breakthrough curve allow 
these curves to be rapidly estimated and have been used 
in the experimental work reported in the companion paper 
to this ( 2 3 ) .  

Extension of the methods of analysis in this paper to the 
more complex situations involving finite adsorption rate 
in mass transfer work ( 2 0 )  and fluid-solid-fluid axial con- 
duction in heat transfer (16) should be of value. 

NOTATION 

up = surface to volume ratio of a particle, ft.-l 
Bi = fluid particle Biot number = Rh,/k, for heat 

b, = nth coefficient in empirical breakthrough curve 

cf ,  c ,  = heat capacity of fluid and solid, respectively, 

c, = nth coefficient in empirical breakthrough curve 

D, = fluid phase axial dispersion coefficient, sq.ft./hr. 
d, = particle diameter 
g ( t )  = impulse response, here response of exit fluid to 

G(jo)  = frequency response transfer function or Fourier 

h, = surface-averaged fluid particle heat transfer co- 

k,, k, = thermal conductivity of fluid and solid phases re- 

L = bed length, ft. 
M f ,  M ,  = total mass of fluid and solid respectively in 

transfer 

correlation, Equation ( 2 2 )  

B.t.u./(lb.) ( O F . )  

correlation, Equation (23) 

impulsive change in inlet fluid temperature 

transform of impulse response 

efficient, B.t.u./(hr.) (sq.ft.) ( O F . )  

spectively, B.t.u./(hr.) (ft.) ( O F . )  

packed bed, lb. 

M 

N 
Pc,  Pe’ = equivalent fluid phase axial dispersion Peclet 

numbers with particle diameter and bed length 
a5 characteristic lengths, respectively 

Pea = overall equivalent conductivity model Peclet num- 
ber 

r = normalized radial distance in a particle, 0 < r < 1 
R = particle radius, ft. 
Re, = superficial particle Reynolds number, d p G / p f  
S t  = fluid-particle Stanton number, h,/Gcf 
t ,  t’ = time, normalized relative to mean fluid holdup 

time L/t;, and relative to first moment of impulse 
response p ( t )  , respectively 

if*os/so = time taken between 5% and 80% of completed 
response on a breakthrough curve, normalized rel- 
ative to first absolute moment of impulse response 
density function g ( t )  

= equivalent number of mixing stages, finite stage 

= bed length in particle diameters = L / d ,  
model 

T ,  
T 
Ti 

D, 
V H  
W 
x 
Y 

Y,, 

= or T ,  (2, T,  t )  temperature within a particle 
= or T ( z ,  t )  fluid temperature distance z ,  time t 
= or T , ( t )  inlet fluid temperature uniform across 

= mean interstitial fluid velocity ft./hr. 
= heat capacity ratio, Equation (4) 
= total weight flowrate of fluid through bed, lb./hr. 
= used only as part of compound symbol, 7% = Y / B i  
= heat transfer parameter, 6NSt( l  - e )  for spheri- 

cal or right cylindrical particles 
= “pseudo” value of heat transfer parameter, in- 

corporating effects of internal particle heat trans- 
fer resistance 

Ycalc = apparent heat transfer parameter incorporating 
effects of axial fluids dispersion 

= distance from bed inlet normalized relative to bed 
length L 

section 

- 

Greek Letters 

y 

y1 

E 

E ( t )  = deviation between impulse responses of two 

K, = nth cumulant of impulse response density func- 

= used with x as compound symbol yx = Y / B i  bed 
length parameter of Babcock and of Rosen 

= statistical measure of skewness of impulse re- 
sponse (density) function g ( t ) ,  71 = qu3/u’3 

= mean volumetric porosity of bed 

models 

tion and defined by 

.” ” 

K,’ = nth cumulant normalized with respect to first ab- 
solute moment p< ( t )  of impulse response density 
function 

= nth absolute moment of impulse response nor- 
malized with respect to mean fluid holdup time, 
L / v ,  

~ ( t )  = first absolute moment or center of mass of g ( t )  
in time units, hr. 

?rU3 = third central moment of impulse response density 
function = K3’, normalized relative to p( t )  

ps,  pf = density of fluid and solid packing respectively, 
Ib./cu.ft. 

u* = curve spread parameter, standard deviation of 
impulse response density function g ( t )  normal- 
ized relative to center of mass, p ( t )  where 
u ’2  = KZ* 

p d  

o* 

7% 
/3 

= natural frequency normalized relative to p ( t )  
= “bed length parameter” = Y / B i  = Yca,c/Bica,c 
= ratio, V H / ( V H  + 1) 
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II. Experimental Evidence for Axial  Dispersion and lntraparticle Effects 

The effects of axial fluids dispersion on breakthrough curves in packed beds is considered 
and formulae are derived for ’F-factors’, which allow heat transfer coefficients obtained by 
step testing to  be corrected for axial fluids dispersion. A comparison of steady state and unskady 
correlations for heat transfer in  packed beds suggests that axial dispersion effects are in- 
corporated in certain steady state heat transfer correlations. Further correction would thus lead 
to errors in breakthrough curve prediction. Experimental data for breakthrough curves in packed 
beds of highly conductive and poorly conductive spheres is examined and Biot number cor- 
rection factor 1 + B i / 5  shown to be valid for Biot numbers up to about 4. 

Part 1 of this paper (8) presents simplified theoretical 
methods of predicting breakthrough curves in linear ad- 
sorbers and thermal regenerators, allowing for axial fluids 
dispersion. Unfortunately, experimental evidence for the 
effects of axial fluids dispersion on packed bed dynamics 
is inconclusive and difficult to interpret. Reasons for this 
are examined in this paper. 

Particle internal conduction effects are more easily pre- 
dicted and measured. Experimental evidence for the 
validity of the 1 + Bi /5  correction factor suggested by 
Hradshaw et al. ( 1 2 )  and discussed in Part I of the paper 
is examined using the extensive results of Handley and 
Heggs ( 7 )  together with some confirmatory results of the 
writer. 

AXIAL DISPERSION EFFECTS-EXPERIMENTAL 
DIFFICULTIES 

The integral deviation square computations of Part I 
(8) suggest that experimentally the effects of axial fluids 
dispersion may be difficult to separate from that due to 
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fluid-particle heat transfer resistance in the analysis of 
breakthrough curves in packed beds. This is because the 
predicted deviations between various models of packed 
bed dynamics due to axial fluids dispersion are generally 
less than would arise from experimental errors. As an exam- 
ple, Table 1 shows the integral deviation square between 
impulse responses predicted by the Schumann model, 
(which ignores axial fluid dispersion) and the continuous, 
axial dispersion model with simplified boundary conditions 
of Chao and Hoelscher (13) discussed in Part I of this 
paper. The comparison is at a fixed normalized variance 
aa2 of 0.125, a heat capacity ratio Va of lo4 and a Biot 
number of zero. 

(obtained 
when axial dispersion contributes 40 96 to total variance 
0’2) would be extremely difficult to distinguish from ex- 
perimental ‘noise’ and other inaccuracies. 

Nonetheless, the effects of axial dispersion could be 
distinguished from fluid-solid heat transfer if an accurate 
heat transfer coefficient correlation (obtained by methods 
which are free from axial dispersion) were available. Any 
increase in breakthrough curve dispersion over that pre- 
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An integral deviation square of 5.4 x 


